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Abstract: We discuss the spectral problem for integrable superstrings on generically
twisted AdS5 × S5, meaning all its orbifolds and TsT transformed versions. We explicitly
give the asymptotic description of these theories through a twisted transfer matrix, and
carefully match the geometric deformations with twists allowed by integrability. We then
discuss the mirror TBA equations that describe these theories at finite size. This unifies
the treatment of various specific deformations previously considered in this setting, and
extends it to completely general twists.
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1 Introduction
This paper provides a unified description of the presently known integrable deformations
of the AdS5 × S5 superstring, from their asymptotic spectra through the Bethe ansatz
equations and the twisted transfer matrix to their finite size description in terms of the
mirror thermodynamic Bethe ansatz. Through the AdS/CFT correspondence [1] these
– 1 –
theories provide a description of the correspondingly deformed N = 4 supersymmetric
Yang-Mills theories at finite ’t Hooft coupling.
The integrability of the free superstring on AdS5 × S5 and correspondingly planar
N = 4 supersymmetric Yang-Mills theory (SYM) are by now well understood topics [2, 3].
From the point of view of AdS/CFT these theories can also be deformed, thereby extending
this canonical example of AdS/CFT to less symmetric theories in a very controlled manner.
The dualities fall into two classes: strings on orbifolds of AdS5 × S5 dual to ‘orbifolds’1
of N = 4 SYM, as originally proposed in [4], and marginal deformations of N = 4 SYM
dual to strings on Lunin-Maldacena-type backgrounds [5]. Due to the controlled nature
of these deformations, the tools of integrability in the original theories can be adapted to
these theories as well2, as recently reviewed in [8].
In this paper we focus mostly on aspects of the finite size integrability of these theories,
following the more recent developments of finite size integrability of the undeformed super-
string. Via the mirror trick [9] the spectrum of the superstring at finite size is described
as the spectrum of its mirror theory in infinite size but at a finite temperature, which is a
problem that can be tackled via the thermodynamic Bethe ansatz (TBA). The derivation
of the mirror TBA equations for the AdS5× S5 superstring3 is based on the corresponding
string hypothesis [12] formulated in [13] following from the corresponding mirror Bethe-
Yang (BY) equations [14]. This led to the formulation of the ground state [15–17] and
excited state TBA equations for string states with both real [17–20] and more recently
complex momenta [21]. As a particularly nice result, the TBA equations for the Konishi
operator were shown to agree numerically [22] and analytically [19, 23] with Lu¨scher’s per-
turbative treatment [24–27] and at four loops with explicit field-theoretic computations
[28, 29]. Let us also note that there have been important recent developments [30, 31]
towards a description of the spectral problem through a finite set of non-linear integral
equations (NLIE) complementing the TBA approach.
Coming back to deformed theories, in this paper we would like to apply the same
type of ideas to them. As we will see below, this turns out to be possible because both
types of deformations can be described through the original model with quasi-periodic
boundary conditions. The fact that this is possible for strings on Lunin-Maldacena-type
backgrounds with real deformation parameters was shown in [32] by linking these defor-
mations to so-called TsT transformations, and was subsequently used there to find the
Lax pair demonstrating the classical integrability of these deformed string theories. The
effect of such TsT transformations for the full superstring coset model were discussed in
[33] and for the Bethe ansatz equations of N = 4 SYM in [34]. For the case of orbifolds the
description through the original model with quasi-periodic boundary conditions is simply
the natural one, leaving nothing more to discuss, and gives their Bethe ansatz equations
[35] similarly to the Lunin-Maldacena case.
1Orbifolding the sphere results in a quiver structure in the dual gauge theory.
2There are still open questions regarding the finite size integrability of γ-deformed superstrings. In [6, 7]
a class of finite-gap solutions were found, but it is not clear how to extend this to incorporate all finite-gap
solutions for these deformations.
3For recent reviews of the TBA techniques in this context see for example [10, 11].
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Continuing in the direction of finite size integrability, the next step is to consider the
transfer matrix. Integrable models with non-trivial boundary conditions can be described
through a twisted transfer matrix [36], which was previously considered in the present
context for deformations of the sphere [37]. At the same time it is possible to do a Drinfeld-
Reshetikhin type twist on the S-matrix and derive a twisted transfer matrix and Bethe
equations via this route4. This was considered in [38, 39] for deformations of the sphere
and was found to be in full agreement with our approach. Moreover, it also appears
to be possible to derive the twisted transfer matrix from a generating functional with a
number of free twist parameters, by constraining the resulting transfer matrix to yield
real Y-functions and reproduce the known twisted Bethe equations. This approach was
successfully applied in [40] to reproduce wrapping corrections in β-deformed SYM and
it was subsequently shown that our twisted transfer matrix gives the same perturbative
results [37]. In [41, 42]5 a variation of this approach was applied to abelian orbifolds of
the sphere, in agreement with results of [37] where direct comparison is possible. The
mirror TBA approach has also been successfully applied for specific deformations, namely
orbifolds of the sphere in [43], and has in fact been carefully derived for γ-deformations of
the sphere in [44]. Importantly, in [44] it was shown that the ground state energy in the
TBA approach agrees with Lu¨scher’s approach at full double wrapping order.
In this paper we unify the treatment of these deformed theories in terms of one inte-
grable model with varying boundary conditions. We will not restrict ourselves to defor-
mations of the sphere but rather aim for full generality6 and in fact (implicitly) treat all
(sensible) TsT transformations and reasonable orbifolds of anti-de Sitter space. In other
words we will treat all currently known integrable deformations simultaneously, including
ones not concretely studied before.
As a first result we derive the generically twisted transfer matrix in full detail, and
show that it immediately reproduces all known deformed asymptotic Bethe equations for
specific deformations. For generality we also explicitly work out the generating functional
with twist parameters as introduced in [40] in an appendix and show that these parameters
can be naturally identified with the twist parameters in our twisted transfer matrix. Doing
so we show directly that our twisted transfer matrix agrees with the twisted generating
functional of [40] for deformations of the sphere, and extend this approach to deformations
of anti-de Sitter space. Because of different conventions and corresponding choices of twists
[41] does not directly line up with this approach; nonetheless explicit results agree. In order
to derive the deformed mirror TBA equations 7 we realize that upon doing the mirror trick
the non-trivial boundary conditions turn into a defect operator in the partition function of
the theory [9] without modifying the string hypothesis or mirror BY equations. This means
chemical potentials appear in the mirror TBA equations, but they are otherwise unchanged.
4This concerns backgrounds obtained by TsT transformations; for orbifolds there is only the boundary
condition point of view.
5Note that unfortunately an outdated version of this paper was originally published; the second version
on the arxiv and the recent erratum in JHEP [42] correct this.
6Another interesting class of deformations of the underlying integrable structure is that of quantum
deformations [45–48], but this takes the theory out of the realm of AdS/CFT.
7Once fully developed, the NLIE approach should be amenable to this type of deformations as well.
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As we will discuss, it is not hard to obtain the asymptotic behavior of the Y-functions
from these equations, and this behavior naturally agrees with the asymptotic solution as
constructed from the transfer matrices. In fact, as we show explicitly in an appendix, as
expected the chemical potentials disappear from the simplified and hybrid forms of the
TBA equations, meaning in particular that the resulting Y -system is unchanged for any
of the deformations we consider. The twisted transfer matrix we find plays an important
role also in the TBA setting, since it allows us to obtain excited state TBA equations by
the contour deformation trick8 [18, 51].
Apart from providing a fully general and explicit set-up, we also briefly consider a few
concrete applications. First of all we consider single wrapping corrections to the ground
state energy given generic deformations, meaning we break supersymmetry completely as
well as part of the conformal symmetry. The energy correction has a notably different func-
tional form from previously studied cases owing to the breaking of conformal symmetry.
The energy correction as well as the Y-functions also nicely show the partial restoration
of supersymmetry in particular cases as we will discuss. Interestingly, by considering de-
formations in AdS5 we find a regularization of the ground state energy of the original
string theory which does not involve the curious divergence of the ground state energy at
length J = 2 previously observed in [52]. Moreover, we show that this divergence which
was subsequently observed for non-supersymmetric orbifolds of the sphere [43] as well as
γ-deformations [44] is in fact a generic feature of the ground state energy at length two,
appearing as soon as we attempt to take the AdS5 deformations to zero. The origin of this
divergence therefore remains an interesting open question. Furthermore, we explicitly in-
dicate a class of theories with completely broken supersymmetry which nonetheless appear
to have a ‘protected’ ground state with zero energy.
We also consider wrapping corrections for two particle states in the sl(2) sector for a
Z4 orbifold of AdS5 that breaks all supersymmetry. These wrapping corrections quickly
become rather unpleasant, and we only give their explicit form for the lightest two oper-
ators. This should perhaps not be too surprising since deformations of AdS5 should have
rather dramatic effects on the dual gauge theory.
This paper is organized as follows. We begin by discussing the types of integrable
deformations of the AdS5 × S5 superstring and how they can be described through the
undeformed string theory with quasi-periodic boundary conditions. This is followed by a
discussion of the implementation of these boundary conditions (hence the deformations)
in the integrable structure of the theory via the twisted transfer matrix. Then in section
4 we give concrete descriptions of specific deformations we can consider and make contact
with existing literature where possible. Next, we show how these deformations can be
incorporated naturally in the mirror TBA. This is followed by a discussion of the ground
state in generically deformed theories. In section 6.3 we give an exemplary discussion of
wrapping corrections for a particular orbifold of AdS5. Finally we briefly summarize our
results. Some technical details and discussions have been relegated to an appendix.
8This trick is inspired by the ideas of [49, 50].
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2 Integrable deformations of AdS5 × S5
There are two classes of known integrable deformations of the AdS5 × S5 superstring, and
they are obtained by deforming the background space-time the superstring moves in. The
first of these is a class of backgrounds obtained by orbifolding the space-time by a discrete
subgroup of the isometry group of AdS5 × S5. Secondly, we can also perform a sequence
of so-called T -duality - shift - T -duality (TsT) transformations, giving a string theory on
a TsT transformed background. The nice feature of these deformations is that both can
be described in terms of the original string theory, where the deformation is accounted
for by quasi-periodic boundary conditions for the string fields, as we will discuss below.
This is also essentially the reason we can expect the resulting theories to be integrable; the
scattering properties of the deformed theories are the same as those of the original.
When we deform the anti-de Sitter part of space-time there are certain caveats we
should keep in mind, and we will address them below for the specific deformations. Nonethe-
less, in general deformations of AdS5 have merit since they allow us to partly restore super-
symmetry broken by deformations of the sphere, as well as providing a nice regularization
of the ground state energy of the undeformed theory as we will discuss in section 6.2.
Moreover a completely general deformation breaks all symmetries of the original model,
lifting the PSU(2, 2|4) degeneracy of the spectrum completely, giving the richest possible
structure9. In this section we will first discuss strings on orbifolds, followed by strings on
TsT transformed backgrounds, and finally we will briefly summarize the link between these
boundary conditions and elements of the bosonic symmetry group of the light-cone gauge
fixed superstring at the level of the coset model.
2.1 Orbifolds
Starting with a (super-)string theory on (super-)space-timeM and the action of a discrete
group Γ on M, we can orbifold the original string theory by Γ and obtain a string theory
on M/Γ [53]. The orbifolded background is described in terms of the fields X ∈M of the
original string theory as
X(τ, σ) ' gX(τ, σ) , g ∈ Γ . (2.1)
Were we considering point particles on this space, we would take the Hilbert space of the
original model, and project it onto its Γ invariant subspace. However in the case of strings
we have more structure; because of the orbifold equivalence (2.1) the string does not have
to close on itself. Rather it can also close modulo an orbifold group element
X(τ, 2pi) ' hX(τ, 0) , h ∈ Γ . (2.2)
In the orbifolded theory, we need to consider all independent sectors of this type, which are
known as twisted sectors. These twisted sectors are in one to one correspondence with the
conjugacy classes of Γ, as follows from (2.1,2.2). As such, in each twisted sector we should
project onto its Γ− [g] invariant subspace, where [g] is the corresponding conjugacy class.
In other words, we should project on the subspace invariant under the stabilizer of g, Γg.
9Deformations also lift accidental degeneracies in the asymptotic spectrum [20, 51].
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For the AdS5 × S5 superstring, this means we want to consider strings on AdS5/Γa ×
S5/Γs by following these considerations. Let us start by discussing the boundary conditions
obtained by orbifolding the sphere.
Orbifolding the sphere - S5/Γ
The possible orbifolds of the sphere are obtained by the action of the discrete subgroups
of SU(4). Fortunately enough, these have been classified completely in [54]. Of course, all
elements of the abelian subgroups can be simultaneously diagonalized, and hence immedi-
ately put into correspondence with elements of the Cartan subgroup of SU(4). This simply
corresponds to one and the same field redefinition in every twisted sector; explicitly
X(τ, σ)→ X˜(τ, σ) = gX(τ, σ) , g ∈ SU(4) , (2.3)
such that each of the representatives hk of the conjugacy classes is diagonalized
X˜(τ, 2pi) ' dkX˜(τ, 0) , (2.4)
where dk is in the Cartan subgroup of SU(4). Simultaneous diagonalization is not possible
within a non-abelian subgroup; still we can diagonalize the representative conjugacy class
element in each twisted sector by an independent field redefinition, as already used in
this context in [55]. Picking up a different basis in each twisted sector is not a problem
since each sector is closed10. In short, in every twisted sector we can restrict ourselves to
boundary conditions corresponding to elements of the Cartan subgroup of SU(4); boundary
conditions on the isometry angles of the sphere. Compared to abelian orbifolds the only
complication for non-abelian orbifolds is in the bookkeeping of the twisted sectors and
corresponding orbifold invariance as clearly explained in [55]11.
The string theory constructed in this fashion is dual to an orbifolded version of N = 4
SYM, with field content G/Γ where G denotes the field content of N = 4 SYM. Corre-
spondingly, Γ is a discrete subgroup of the R-symmetry group of the field theory, meaning
that these orbifolds will break a certain amount of supersymmetry. The amount of super-
symmetry that is preserved after orbifolding can be found by considering the embedding
of the orbifold in SU(4), in other words finding the residual R-symmetry; we obtain an
N = 2 theory if Γ ⊂ SU(2), whereas Γ ⊂ SU(3) gives us an N = 1 theory. Of course,
taking Γ ⊂ SU(4) gives a non-supersymmetric theory.
On the string theory side such a non-supersymmetric theory suffers from instabilities
[56, 57] related to tachyon condensation. The corresponding vacuum expectation values of
the dual twisted operators break the quantum orbifold symmetry [58, 59]12. Apart from
the instabilities themselves, this also presents us with a practical problem; without orbifold
symmetry the Hilbert space of the theory no longer necessarily decomposes over the various
twisted sectors. For non-abelian orbifolds this would greatly complicate the problem by
10This holds as long as the quantum orbifold symmetry is not broken. Non-supersymmetric orbifolds can
break this symmetry and we come back to this point shortly.
11In [55] also the quiver structure of these orbifolds is carefully worked out.
12This should happen at intermediate values of the coupling; at large coupling there are no tachyons in
the spectrum.
– 6 –
preventing us from choosing a different field basis in each twisted sector. We might wish to
disregard such theories and focus on orbifolds with Γ ⊂ SU(3) at most. However, there are
no practical obstacles in studying non-supersymmetric abelian orbifolds so we will consider
them below. In line with this, non-supersymmetric abelian orbifolds of N = 4 SYM have
been considered before [35], while non-abelian ones have not [55]. As we already mentioned,
in certain cases part of the supersymmetry can be restored by simultaneously orbifolding
AdS5.
Orbifolding anti-de Sitter space - AdS5/Γ
Exactly as we did for the sphere we can consider orbifolds of AdS5. However, since AdS5
contains the time-like direction of our background space-time we should proceed cautiously
to avoid possible time-like orbifolds. With this restriction in mind, we are left to consider
orbifolds by Γ ⊂ SU(2)× SU(2) ⊂ SU(2, 2). For these orbifolds we can proceed as we did
for the sphere, again reducing the boundary conditions to those corresponding to diagonal
elements of SU(2) × SU(2) in each twisted sector. Rather than breaking supersymmetry,
now we break part of the conformal symmetry. From the point of view of integrability of
the string theory this is no real objection as we will see below13. While the details of the
corresponding dual field theories have not been worked out in full detail, at the level of the
Bethe ansatz describing the spectrum of the dilatation operator such orbifolds can also be
readily accounted for [35]. Naturally it is possible to simultaneously orbifold AdS5 and S
5
in any of the ways we discussed.
2.2 TsT transformed backgrounds
The second type of deformation we can apply to our background is a sequence of so-called
TsT transformations which can be applied to backgrounds with more than one commuting
U(1) isometries. A TsT transformation takes a pair of angles corresponding to two isometry
directions, say (φ1, φ2), and acts on them via a T -duality along the φ1 direction, followed by
a shift in the φ2 direction
14, φ2 → φ2+γφ˜1, and finally T -dualizing back in the φ˜1 direction,
where φ˜1 is the T -dual variable to φ1. By sequentially applying TsT transformations on
a background with d commuting U(1) isometries we can obtain a d(d − 1)/2 parametric
deformation. Note that these transformations require all other fields to be uncharged
under the relevant U(1)s, specifically in this context the fermions. Fortunately they can be
discharged by a field redefinition [33].
Very important for our present considerations, the resulting equations of motion are
in one-to-one correspondence with the untransformed equations of motion with twisted
boundary conditions imposed on the U(1) isometry fields [32]. In fact, since by definition
these U(1) isometries are nothing but elements of the Cartan subgroup of the isometry
group of AdS5×S5, it should not be surprising that the resulting boundary conditions can
13Formally as far as integrability is concerned we could even consider time-like orbifolds of AdS5, but the
corresponding spectral problem is not very exciting.
14This variable is not affected by the T -duality.
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be put into correspondence with elements of the Cartan subgroup15, exactly as we could
for orbifolds. Let us now briefly discuss the various possible TsT transformations.
Deformations of the sphere are very sensible from the point of view of AdS/CFT. Re-
stricting ourselves to the sphere a generic sequence of TsT transformations gives a three
parameter deformed background [32], known as a γ-deformed background. This back-
ground contains the Lunin-Maldacena background [5] for real β as a specific case. The
corresponding dual field theories in general have no supersymmetry, with the exception
of the Lunin-Maldacena case which preserves N = 1 supersymmetry. To describe string
propagation on this background through the original theory, we have to implement the
following boundary conditions on the three angles on the sphere
φi(2pi)− φi(0) = 2pi(ni − ijkγjJk) , ni ∈ Z . (2.5)
Here the Jk are the angular momenta of S
5 and γj the three parameters of the deformation.
TsT transformations involving AdS5
Less studied but clearly possible from the point of view of string theory, we can do TsT
transformations on the three commuting U(1) isometries of anti-de Sitter space [60, 61].
However, as always we should be proceed cautiously when time-like directions are involved.
Also, while they give sensible string backgrounds these deformations have a less clear
interpretation from the point of view of AdS/CFT.
Let us briefly address the issues regarding TsT transformations involving AdS5, start-
ing with issues regarding TsT transformations involving time-like directions. First of all,
strictly speaking our string theory is defined on the universal cover of AdS5 which does
not have a compact time direction, such that T -dualizing in this direction is not an option.
Secondly, if we do a TsT transformation involving the time direction we will generate space-
time directions with mixed signature. To circumvent the first problem we could initially
consider TsT transformations on the space-time, and only subsequently pass to its uni-
versal cover. Also, the second problem can pragmatically be avoided by restricting study
of the corresponding string theory to regions of the geometry where the signature is the
same as the parent theory [60]. In fact, we could proceed in the spirit of [60] and formally
apply a general sequence of TsT transformations, whereby we would not necessarily view
the resulting geometry as a deformation of any particular parent geometry, rather studying
it at face value.
Furthermore, any TsT transformation involving an angle from AdS5 necessarily breaks
part of the conformal symmetry. The corresponding free string theory will be sensible, even
integrable, but again the effect of breaking conformal symmetry on the dual field theory
is not obvious. By analogy to how β-deformed SYM can be obtained by introducing a
?-product related to the deformation in the R-symmetry group the duals are expected to
be certain non-commutative dual field theories [34, 60]. Despite these difficulties, TsT
transformations of this type have been investigated in the setting of AdS/CFT. In fact, as
far as integrability is concerned we can readily implement any of these deformations, so
15The fact that this works also for fermions is the result of the non-trivial field redefinition of [33].
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while keeping the above concerns in mind we will discuss generic TsT transformations of
AdS5 × S5. As we can expect the interesting features of these deformations turn to rather
peculiar ones as soon as time-like directions are involved.
The boundary conditions corresponding to the most generic sequence of TsT transfor-
mations are given by
φi(2pi)− φi(0) = 2pi(ni + γikJk) , ni ∈ Z (2.6)
where i is a generalized index labeling the six U(1) isometry fields of AdS5×S5, Ji the corre-
sponding angular momentum and γij an antisymmetric six by six matrix containing the 15
deformations parameters. Clearly we can also combine orbifolds and TsT transformations
[35].
2.3 Deformations in the light-cone gauge
We have seen that strings on both orbifolds of, and TsT transformed AdS5 × S5 can be
directly described through the original string theory with modified boundary conditions.
Let us parametrize a completely generic deformation of the above type by the boundary
conditions
ψi(2pi) = ψi(0) + αi , φj(2pi) = φj(0) + βi , (2.7)
where ψ1 ≡ t and φ1 ≡ φ with associated Noether charges E and J respectively, and
ψ2,3 and φ2,3 are the remaining U(1) isometry fields in AdS5 and S
5 respectively. The
boundary condition on t in the form of α1 is a formal bookkeeping device and not meant
to be taken in a direct sense. We introduce it for uniformity since it can appear for general
TsT transformed backgrounds cf. (2.6) with all their caveats, for orbifolds it is absent. We
would like to explicitly mention here that the parameters αi and βi can be taken between
zero and 2pi since only their values modulo 2pi have physical relevance.
Up to now the boundary conditions on the isometry fields were all treated on an equal
footing, but this changes when fixing a light-cone gauge. Fixing a light-cone gauge breaks
the manifest SU(2,2)× SU(4) bosonic symmetry of the superstring to SU(2)4 by fixing the
combination x+ ≡ t + φ to be equal to the proper time parametrizing the propagation of
the superstring. Naturally, the information on the non-trivial boundary conditions on t
and φ is far from lost; we get the so-called level matching condition from the boundary
conditions on x− ≡ t− φ
pws =
∫ 2pi
0
dσx−′ = α1 − β1 + 2pim , (2.8)
where m is the winding number of the string16. We would like to emphasize that pws is
the world-sheet momentum of the light-cone gauge fixed superstring with quasi-periodic
boundary conditions, not of the superstring on a deformed background. Deformations
in the x+ direction are simply world sheet diffeomorphisms. Let us also recall that the
16This of course nicely matches with the condition eiP = 1 for the total momentum of the undeformed
SYM spin chain.
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fermionic fields are not necessarily periodic, but rather have boundary conditions related
to the level matching condition, i.e.
η(2pi) = e−
i
2
pwsη(0) , θ(2pi) = e−
i
2
pwsθ(0) . (2.9)
Here η and θ denote the fermionic fields of the light-cone gauge fixed coset model [2]. In
particular this means that the fermions of the undeformed model are anti-periodic in odd
winding sectors. The remaining boundary conditions corresponding to α2,3 and β2,3 can
now be put in correspondence with the four remaining Cartan generators of SU(2)4. The
easiest way to make this link is to consider the generators of shifts of the angles ψ2,3 and
φ2,3 in the fundamental of SU(2, 2) and SU(4) [2]
C2 = diag(−1, 1,−1, 1) , C3 = diag(−1, 1, 1,−1) (2.10)
and the diagonal embedding of the Cartan generators of the four unbroken SU(2)s in
SU(2, 2) and SU(4), which are each just the usual
C = diag(1,−1) . (2.11)
If we then parametrize the four diagonal elements of SU(2) by α and α˙ for anti-de Sitter
and β and β˙ for the sphere we get
α = −α2 + α3
2
, α˙ =
α3 − α2
2
, (2.12)
β = −β2 + β3
2
, β˙ =
β3 − β2
2
. (2.13)
Let us introduce γ ≡ α1 − β1 to parametrize the level matching condition (2.8). Now we
are ready to implement these boundary conditions in the transfer matrix of our integrable
model.
3 Twisted Transfer Matrices
A important object in integrable models is the transfer matrix. As it turns out the transfer
matrix of a theory with periodic boundary conditions has a natural generalization to the
case of quasi-periodic boundary conditions [36], which is exactly what our deformations
correspond to. In this section we discuss the different types of integrable twists of the
AdS5 × S5 superstring on the level of the transfer matrix. We will first discuss transfer
matrices and twists in general before specializing to the AdS5 × S5 superstring.
3.1 General theory
The S-matrix and the transfer matrix
Let us consider K particles in an integrable model with momenta p1, . . . , pK transforming
in some representation of a symmetry algebra and scattering with a corresponding S-matrix
S(pi, pj). To these particles we add an auxiliary one with momentum q. Any state of this
system then lives in the following tensor product space
V := V0(q)⊗ V1(p1)⊗ . . .⊗ VK(pK), (3.1)
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where Vi is a carrier space of the representation of the i-th particle. It is instructive to
split the states into an auxiliary piece and a physical piece
|A〉0 ⊗ |B〉K ∈ V,
where |A〉0 ∈ V (q) and 17 |B〉K ∈ VP :=
⊗
i V (pi). The monodromy matrix acting in the
space V is then defined as follows
T0(q|~p) :=
KI∏
i=1
S0k(q, pi), (3.2)
where S0k(q, pk) is the S-matrix describing the scattering between the auxiliary particle
and a ‘physical’ particle with momentum pk. This operator manifestly depends on the
representation of the auxiliary particle.
The monodromy matrix can be seen as a matrix in the auxiliary space V0(q), the
corresponding matrix elements being themselves operators on VP . Indeed, introducing a
basis |eI〉 for V0(q) and a basis |fA〉 for VP , the action of the monodromy matrix T ≡ T0(q|~p)
on the total space V can be written as
T (|eI〉 ⊗ |fA〉) =
∑
J,B
T JBIA |eJ〉 ⊗ |fB〉. (3.3)
The matrix entries of the monodromy matrix can then accordingly be denoted as
T |eI〉 =
∑
J
T JI |eJ〉 , (3.4)
while the action of the matrix elements T JI as operators on VP can easily be read off as
T JI |fA〉 =
∑
B
T JBIA |fB〉. (3.5)
The operators T JI have non-trivial commutation relations among themselves. Consider two
different auxiliary spaces Va(q), Vb(q˜). The Yang-Baxter equation for S implies that
Sab(q, q˜) Ta(q|~p)Tb(q˜|~p) = Tb(q˜|~p)Ta(q|~p) Sab(q, q˜), (3.6)
where S(q, q˜) is the S-matrix describing the scattering between the two auxiliary particles.
By explicitly working out these relations, we can find the commutation relations between
the different matrix elements of the monodromy matrix. These so-called fundamental
commutation relations (3.6) constitute the cornerstone of the Algebraic Bethe Ansatz [62].
The transfer matrix is subsequently defined as
T0(q|~p) := str0T0(q|~p), (3.7)
and it can be viewed as an operator acting on the physical space VP . By virtue of the
Yang-Baxter equation it defines an infinite set of commuting quantities
[T (q), T (q˜)] = 0, (3.8)
making the integrability of the model explicit.
17All the tensor products are defined with increasing order of the index as 1, 2, . . . ,K.
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Integrable twists
Let us again consider a transfer matrix T = straSa1 . . . SaK build up out of an S-matrix
that commutes with elements g ∈ G from a group G
[S, g ⊗ g] = 0. (3.9)
We can then define a twisted transfer matrix T g as follows
T g = stra gaSa1 . . . SaK . (3.10)
These twists are integrable as they preserve the crucial property of integrability that
[T g(p), T g(q)] = 0, which follows straightforwardly from the Yang-Baxter equation. As
already mentioned such a twisted transfer matrix actually describes the integrable model
with quasi-periodic boundary conditions determined by the twist g [36].
3.2 Transfer matrix for AdS5 × S5
The S-matrix describing the scattering of the AdS5 × S5 superstring consists of two copies
of the centrally extended su(2|2) invariant S-matrix. The transfer matrix is the product of
two transfer matrices each based on a su(2|2) invariant S-matrix.
Allowed twists
The centrally extended su(2|2) invariant S-matrix commutes with elements from SU(2)2,
which is simply half of the residual symmetry of the superstring in the light-cone gauge.
More precisely
[S, G⊗G] = 0, G ∈ SU(2)× SU(2). (3.11)
For any element G ∈ SU(2)× SU(2) we then define the following twisted transfer matrix
TG(q) = straGa Sa1(q, p1) . . . SaK(q, pK). (3.12)
We will see below that for TsT transformations our twist element G depends on the ex-
citation numbers of the state under consideration so that in general G acts also in the
quantum space. Within each eigenspace however, the action of G is purely in the auxiliary
space. Rather than considering a generic element from SU(2)2 we can reduce the types of
twist we need to consider. It is not difficult to show that any element G1 ∈ SU(2) can be
written as
G1 = UHU
−1, U ∈ SU(2), H =
(
eiφ 0
0 e−iφ
)
∈ SU(2). (3.13)
Since U ∈ SU(2) and we have (3.11) it is easy to see that
TG(q) = ~U−1 TH(q) ~U, ~U = U1 . . . UK . (3.14)
In other words, the transfer matrices are related via a simple basis transformation on the
physical space. Consequently, the eigenvalues of TG and TH coincide and we will from
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now on just restrict to diagonal group elements, i.e. we will consider a group element of
the form
G = diag(eiα, e−iα, eiβ, e−iβ) ∈ SU(2)× SU(2), (3.15)
where at the geometric level α affects the boundary conditions on AdS5 and β those on S
5,
cf. (2.12,2.13).
For the transfer matrices that are used in the TBA approach we need the explicit form
of G in bound state representations. These representations are realized by monomials in
superspace with bosonic variables w1,2 and their fermionic counterparts θ3,4 [63]. The `
particle bound state representation is then spanned by the monomials of degree ` and the
symmetry generators are given by differential operators. In this formalism our twist G has
the following explicit action on the states
G(θm3 θ
n
4w
k
1w
l
2) = e
iα(k−l)+iβ(m−n)θm3 θ
n
4w
k
1w
l
2. (3.16)
Since m,n only take the values 0, 1 the β dependent part is rather trivial, whereas the α
dependent piece depends more intricately on the state. For concreteness, let us introduce
the basis for an `0-particle bound state representation as in [64]
eα;k := θαw
`0−k−1
1 w
k
2 , ek := w
`0−k
1 w
k
2 , e34;k := θ3θ4w
`0−k−1
1 w
k−1
2 . (3.17)
On the level of the transfer matrix, these coefficients present themselves as relative weights
in the sum
TG(q) =
`0∑
k=0
eiα(`0−2k)T kk +
`0−1∑
k=1
eiα(`0−2k)T 34;k34;k −
`0−1∑
k=0
eiα(`0−2k−1)
[
eiβT 3;k3;k + e−iβT 4;k4;k
]
,
(3.18)
where the auxiliary particle is a `0 particle bound state. The twist can be seen as a rescaling
of the elements of the monodromy matrix.
The su(2) vacuum
Consider the fermionic vacuum with all physical particles in the fundamental representation
|0〉′P = θ3 ⊗ . . .⊗ θ3. (3.19)
It is easy to check that this vacuum is an eigenstate of the twisted transfer matrix. From
the explicit form of the bound state S-matrix [65], the action of the diagonal elements of
fermionic type of the monodromy matrix is given by
T 3;k3;k |0〉′P =
KI∏
i=1
x−0 − x+i
x+0 − x−i
√
x+0 x
−
i
x−0 x
+
i
|0〉′P , T 4;k4;k |0〉′P =
KI∏
i=1
x−0 − x−i
x+0 − x−i
x−i − 1x+0
x+i − 1x+0
√
x+0 x
+
i
x−0 x
−
i
|0〉′P .
(3.20)
Notice that these elements are independent of k.
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The next step is to consider the bosonic elements T kk , T 34,k34,k . Also these elements act
in a straightforward way
T kk |0〉′P =
KI∏
i=1
x−0 − x−i
x+0 − x−i
√
x+0
x−0
|0〉′P (3.21)
and
T α4,kα4,k |0〉′P =
KI∏
i=1
x−0 − x+i
x+0 − x−i
x−i − 1x+0
x+i − 1x+0
√
x+0
x−0
|0〉′P . (3.22)
Similarly to the fermionic contributions (3.20), we once again find that these terms are
independent of k.
The twist (3.15) acts straightforwardly on the elements via (3.18). Summing everything
is straightforward due to the trivial k dependence. This finally gives that |0〉′P is an
eigenvalue of the transfer matrix with eigenvalue
Λ(q|~p) =sin(`0 + 1)α
sinα
KI∏
i=1
x−0 − x−i
x+0 − x−i
√
x+0
x−0
+
sin(`0 − 1)α
sinα
KI∏
i=1
x−0 − x+i
x+0 − x−i
x−i − 1x+0
x+i − 1x+0
√
x+0
x−0
−
− sin `0 α
sinα
eiβ KI∏
i=1
x−0 − x+i
x+0 − x−i
√
x+0 x
−
i
x−0 x
+
i
+ e−iβ
KI∏
i=1
x−0 − x−i
x+0 − x−i
x−i − 1x+0
x+i − 1x+0
√
x+0 x
+
i
x−0 x
−
i
 .
(3.23)
This precisely agrees with the result of [66] for antisymmetric representations in the limit
where the twists vanish.
The sl(2) transfer matrix
Just as for the su(2) vacuum discussed above, the twist modifies the eigenvalue of the
vacuum |0〉P = ⊗iw`i1 in a straightforward way compared to [64]. Introducing the following
functions
λ±(q, pi, k) =
X k,0k
2D
[
1− (x
−
i x
+
0 − 1)(x+0 − x+i )
(x−i − x+0 )(x+0 x+i − 1)
+
2ik
g
x+0 (x
−
i + x
+
i )
(x−i − x+0 )(x+0 x+i − 1)
(3.24)
± ix
+
0 (x
−
i − x+i )
(x−i − x+0 )(x+0 x+i − 1)
√(
2k
g
)2
+ 2i
[
x+0 +
1
x+0
]
2k
g
−
[
x+0 −
1
x+0
]2 ,
we find that the vacuum eigenvalue is given by
Λ(q|~p) = ei`0α + e−i`0α
KI∏
i=1
[
(x−0 − x−i )(1− x−0 x+i )
(x−0 − x+i )(1− x+0 x+i )
√
x+0 x
+
i
x−0 x
−
i
X `0,0`0
]
−(eiβ + e−iβ)
`0−1∑
k=0
eiα(`0−2k−1)
KI∏
i=1
(
x+0 − x+i
x−0 − x+i
√
x−0
x+0
[
1− k
u0 − ui + `0−`i2
]
X k,0k
)
+
`0−1∑
k=1
eiα(`0−2k)
KI∏
i=1
λ+(q, pi, k) +
KI∏
i=1
λ−(q, pi, k)
 . (3.25)
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For the fundamental case (`0 = `i = 1 ∀i), this reduces to
T0(q|~p)|0〉P =
eiα + e−iα
KI∏
i=1
x+0 − x+i
x+0 − x−i
1− 1
x−0 x
+
i
1− 1
x−0 x
−
i
− (eiβ + e−iβ)
KI∏
i=1
x+0 − x+i
x+0 − x−i
√
x−i
x+i
 |0〉P .
Following [64], we continue with the construction of excited states by considering creation
operators Bα depending on auxiliary rapidities. Obviously, by only twisting the transfer
matrix the fundamental commutation relations are not altered. Thus, the commutation
relation of B with the bosonic elements from T are of the form
(T kk + T
34;k
34;k )Bα ∼ Bα(T kk + T 34;k34;k ) + unwanted, (3.26)
see [64] for the exact relation. From this we see that all the relevant terms in this com-
mutation relation are multiplied by the same factor in (3.18). In other words, the bosonic
part of the twisted transfer matrix behaves trivially under the twist. The fermionic piece
however, involves a non-trivial mixing
T γ;kα1,kBα2 ∼ Bβ2T
γ;k
β1
rβ1β2α1α2 + unwanted, (3.27)
where r is the XXX R-matrix. This commutation relation mixes the two species of fermions,
which are affected differently by the β-part of the twist. This translates into considering
a twisted XXX spin chain as a nested system rather than the untwisted one as in [65, 67].
For detail on the twisted XXX spin chain we refer to appendix A.1.
This finally results in the following transfer matrix for an anti-symmetric bound state
representation with the bound state number a
Ta,1(v | ~u) =
KII∏
i=1
yi−x−
yi−x+
√
x+
x−
 eiaα + e−iaα KII∏
i=1
v−νi+ iag
v−νi− iag
KI∏
i=1
(x−−x−i )(1−x−x+i )x+
(x+−x−i )(1−x+x+i )x−
+
+
a−1∑
k=1
ei(a−2k)α
KII∏
i=1
v−νi+ iag
v−νi+ i(a−2k)g

KI∏
i=1
λ+(v, ui, k)+
KI∏
i=1
λ−(v, ui, k)
 (3.28)
−
a−1∑
k=0
ei(a−2k−1)α
KII∏
i=1
v−νi+ iag
v−νi+ i(a−2k)g
KI∏
i=1
x+−x+i
x+−x−i
√
x−i
x+i
[
1−
2ik
g
v−ui+ i(a−1)g
]
×
×
eiβ
KIII∏
i=1
wi−v− i(a−2k+1)g
wi−v− i(a−2k−1)g
+e−iβ
KII∏
i=1
v−νi+ i(a−2k)g
v−νi+ i(a−2k−2)g
KIII∏
i=1
wi−v− i(a−2k−3)g
wi−v− i(a−2k−1)g

 ,
provided the auxiliary roots y, w satisfy the Bethe equations (3.30),(3.31). The rapidities
ν are related to y via ν = y + 1/y. Sending the twist parameters α, β to zero trivially
reproduces the regular transfer matrix [65, 67]. The untwisted transfer matrix can also be
computed from a generating functional [66] as explicitly confirmed in [65]. This approach
has also been applied to twisted transfer matrices and we briefly discuss this in appendix
A.2.
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3.3 Bethe equations
The complete S-matrix consists of two copies of the su(2|2) invariant S-matrix. We will
refer to these copies as dotted and undotted respectively. Both the dotted and undotted
copies are twisted with their own group element G and we will correspondingly denote the
parameters by α, α˙ and β, β˙. The main Bethe equation can be readily derived from the
transfer matrix and is given by
1 = ei(α+α˙)`k
(
x+k
x−k
)J KI∏
l=1,l 6=k
S0(pk, pl)
2
KII∏
l=1
x−k − yl
x+k − yl
√
x+k
x−k
K˙II∏
l=1
x−k − y˙l
x+k − y˙l
√
x+k
x−k
. (3.29)
It is supplemented by the auxiliary Bethe equations
1 = ei(β−α)
KI∏
l=1
yk − x+l
yk − x−l
√
x−k
x+k
KIII∏
l=1
yk +
1
yk
− wl + ig
yk +
1
yk
− wl − ig
(3.30)
1 = e−2iβ
KII∏
l=1
wk − yl − 1yl + ig
wk − yl − 1yl − ig
KIII∏
l 6=k
wk − wl − 2ig
wk − wl + 2ig
, (3.31)
together with their dotted counterparts. The parameters are related to the momentum
and coupling constant via the usual constraints
x+k +
1
x+k
− x−k −
1
x−k
=
2i`k
g
,
x+k
x−k
= eipk . (3.32)
The twists only manifest themselves as phase factors and upon sending them to zero we
immediately reproduce the undeformed Bethe equations.
In order to compare the twisted Bethe equations for our models with [34, 35] we
will rewrite them in terms of seven equations corresponding to the underlying psu(2, 2|4)
Dynkin diagram. However, as was shown in [67, 68], the equations given in [69] agree with
Bethe equations derived from string theory for P = 0, while in general they can differ by
factors of eiP . For physical states in the untwisted theories that is not an issue, but here
these factors have to be taken carefully into account. Let us follow the procedure outlined
in [67] to bring the equations (3.29-3.31) to the form presented in [69]. Our equations are
in the sl(2) grading and hence we will bring them to the form where η = −1. First, we
identify the labels
KI = K4, K
II = K1 +K3, K˙
II = K5 +K7, K
III = K2, K˙
III = K6, (3.33)
and we split the products accordingly, i.e.
KII∏
j=1
→
K1∏
j=1
K3∏
j=1
,
K˙II∏
j=1
→
K5∏
j=1
K7∏
j=1
. (3.34)
Next we relabel the parameters in the following way
x±k =
x4,k
g
, yk =
{
x3,k/g k = 1, . . .K3
g/x1,k k = 1, . . .K1
y˙k =
{
x5,k/g k = 1, . . .K5
g/x7,k k = 1, . . .K7
(3.35)
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Under this map, the main Bethe equation (3.29) for fundamental particles becomes
1 = e−i(pkL+α+α˙)
K4∏
j 6=k
S0(pj , pk)
K3∏
j=1
x+4,k − x3,j
x−4,k − x3,j
K1∏
j=1
1− g2
x+4,kx1,j
1− g2
x−4,kx1,j
K5∏
j=1
x+4,k − x5,j
x−4,k − x5,j
K7∏
j=1
1− g2
x+4,kx7,j
1− g2
x−4,kx7,j
,
(3.36)
where L = J − K1−K3−K5+K72 and S0 is the sl(2) scalar factor (see e.g. [14]). To address
the auxiliary Bethe equations we need to introduce the rapidities
wk = u2,k/g, w˙k = u6,k/g, ui,j ≡ xi,j + g
2
xi,j
. (3.37)
Then (3.31) is straightforwardly rewritten as (the dotted version is obtained by switching
labels K1,2,3 → K7,6,5 and parameters similarly)
1 = e2iβ
K2∏
j 6=k
u2,k − u2,j + 2i
u2,k − u2,j − 2i
K1∏
j
u2,k − u1,j − i
u2,k − u1,j + i
K3∏
j
u2,k − u1,j − i
u2,k − u1,j + i , (3.38)
while (3.30) splits into two sets of equations for roots of type 1 and 3 (we have used the
level matching condition
∏
k
x+k
x−k
= eiγ)
1 = ei(α−β−γ/2)
K4∏
j=1
1− g2
x−4,jx1,k
1− g2
x+4,jx1,k
K2∏
j=1
u1,k − u2,j − i
u1,k − u2,j + i , k = 1, . . .K1 (3.39)
1 = ei(α−β+γ/2)
K4∏
j=1
x−4,j − x3,k
x+4,j − x3,k
K2∏
j=1
u3,k − u2,j − i
u3,k − u2,j + i , k = 1, . . .K3, (3.40)
again with similar equations for the dotted indices. We see that written this way our
equations are exactly of the form of [69] up to the twisting factors. These factors are
precisely what was added to the Bethe equations in [34, 35]; next we will show explicit
agreement with their twists for the various deformations.
4 Explicit Models
We are now ready to discuss specific twisted models and explicitly make a link to existing
literature when applicable. We first focus on deformations of the sphere and then consider
more general deformations that can involve all of AdS5 × S5.
4.1 Deformations of S5
Abelian orbifolds
The twist corresponding to a generic abelian ZS orbifold is represented by an element
diag(e−2piiT t1/S , e2pii(t1−t2)T/S , e2pii(t2−t3)T/S , e2piit3T/S), (4.1)
– 17 –
where T labels the twisted sector. From this we deduce that the angles transform as
(δφ1, δφ2, δφ3) =
(
−2pit2T
S
,−2pi(t1 − t2 + t3)T
S
,−2pi(t1 − t3)T
S
)
, (4.2)
resulting in the twist
α = α˙ = 0, γ =
2pit2T
S
,
β =
pi(2t1 − t2)T
S
, β˙ =
pi(2t3 − t2)T
S
. (4.3)
These twist are uniquely fixed by the geometry through the boundary conditions on the
fields and in turn fix our Bethe equations (3.29-3.31). These should then fully agree with
[35] in the one-loop limit. Actually their result is readily generalized to all loop equations
by supplementing [69] with the appropriate phase factors.
Following [35] we should introduce phase factors e2pii
Tsk
S in front of the equations for
roots of type k. In the sl(2) grading these twists are of the form [41]
s1 = −t1, s2 = 2t1 − t2, s3 = t2 − t1, s4 = 0, s5 = t2 − t3, s6 = 2t3 − t1, s7 = −t3.
Our Bethe equations already contain phase factors, and comparing the above against our
general twisted Bethe equations we find agreement exactly when
− β − γ/2 = 2piTs1
S
, 2β = 2pi
Ts2
S
, − β + γ/2 = 2piTs3
S
, (4.4)
with similar expressions for the dotted versions. Comparing this against (4.3) we see that
they are in perfect agreement.
Since we are considering an orbifold, we should not forget to project onto the orbifold
invariant part of the spectrum. This means we should consider states which satisfy [35]
t2 p+ t1 q2 + t3 q1 = 0 mod S. (4.5)
Naturally this constraint can be phrased in more geometric terms via the relation of the
su(4) weights [q1, p, q2] to the angular momenta of the sphere [51]
J = J1 =
q1 + 2p+ q2
2
, J2 =
q1 + q2
2
, J3 =
q2 − q1
2
, (4.6)
so that (4.5) becomes
3∑
i=1
Ji δφi|T=1 = 0 mod 2pi. (4.7)
γ-deformations
As discussed, TsT transformations of the sphere give rise to γ-deformed theories. Recalling
that the twisted boundary conditions are parametrized by three deformation parameters
γ1,2,3 as
δφi = φi(2pi)− φi(0) = −2piijkγjJk, (4.8)
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where the Ji are the conserved Noether charges corresponding to the shift isometries in the
φi direction on the sphere, these boundary conditions correspond to the twists
α = α˙ = 0, γ = 2pi(γ2J3 − γ3J2),
β = pi(γ1(J2 − J3) + J1(γ3 − γ2)), β˙ = pi(J1(γ2 + γ3)− γ1(J2 + J3)), (4.9)
For γ1 = γ2 = γ3 = β this reduces to the β-deformed theory for real β.
We will now compare the Bethe equations following from this twist to those derived
in [34] or equivalently to [39]. After a duality transformation to the sl(2) grading we find
the following set of equations (see also the appendix of [39] for the explicit sl(2) grading)
−γ
α− β − γ/2
2β
α− β + γ/2
−α− α˙
α˙− β˙ + γ/2
2β˙
α˙− β˙ − γ/2

=

δ1(K5 − 2K6 +K7)− δ3(K1 − 2K2 +K3)
δ3(K0 +K2 −K3 −K5 +K6)− δ2(K5 − 2K6 +K7)
(δ1 + 2δ2)(K5 − 2K6 +K7) + δ3(2K5 − 2K6 − 2K0 −K1 +K3)
δ3(K0 +K1 −K2 −K5 +K6)− (δ1 + δ2)(K5 − 2K6 +K7)
0
(δ2 + δ3)(K1 − 2K2 +K3)− δ1(K0 +K2 −K3 −K6 +K7)
δ1(2K0 + 2K2 − 2K3 −K5 +K7)− (2δ2 + δ3)(K1 − 2K2 +K3)
δ2(K1 − 2K2 +K3)− δ1(K0 +K2 −K3 −K5 +K6)
, (4.10)
where Ki are the excitation labels from the Bethe equations and K0 ≡ L. The minus sign
in the first term of the left hand side is due to the fact that P = −(AK)0.
This over-determined system of equations indeed has a unique solution. In order to
make contact with the twist discussed above we relate the labels to the conserved charges
Ji via (4.6), and use their relation to the excitation numbers K (see also (3.33)) as
q1 = K˙
II − 2K˙III, q2 = KII − 2KIII, p = J − 12(KII + K˙II) +KIII + K˙III,
s1 = K
I −KII, s2 = KI − K˙II. (4.11)
The parameters δi are related to the parameters γi as
δ1 = pi(γ2 + γ3) , δ2 = pi(γ1 − γ2) , δ3 = pi(γ2 − γ3) . (4.12)
Putting this together correctly reproduces our twist.
4.2 General deformations
Let us now consider models involving the most generic set of boundary conditions.
General TsT transformations
The twist for a general TsT transformation can be immediately read off from (2.6) together
with (2.12) and (2.13). It is worthwhile to note that if the TsT transformation involves the
time direction that the twist will become energy dependent. In other words the asymptotic
Bethe equations pick up phases that depend on E(p). This results in a very involved
coupled system of equations.
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General (abelian) orbifolds
We will now discuss the generic orbifold AdS5/Γ
a × S5/Γs, with Γa = ZR and Γs = ZS .
Since we do not orbifold the t direction γ is unaffected by Γa and consequently the twists
β, β˙ and γ are again given by (4.3). We now quickly find the expressions for α, α˙ by taking
analogous expressions to those for β, β˙ with the equivalent of t2 put to zero. Labeling the
twisted sectors for ZR and ZS by T˜ and T respectively, this gives
α =
2pi r1T˜
R
, α˙ =
2pi r3T˜
R
,
β =
pi(2t1 − t2)T
S
, β˙ =
pi(2t3 − t2)T
S
,
γ =
2pit2T
S
. (4.13)
Orbifold invariance now requires
t2 p+ t1 q2 + t3 q1 + r1 s2 + r3 s1 = 0 mod LCM(S,R) , (4.14)
where LCM(S,R) denotes the least common multiple of S and R and s1 and s2 are the two
spins of the conformal group. As mentioned earlier it is also entirely possible to describe
non-abelian orbifolds in this framework. In each twisted sector we still get a twist of the
form (4.13). The only complication is in determining the physical states we should study,
i.e. in the analogue of (4.14). We refer the interested reader to [55] where some specific
examples are discussed in detail.
5 The mirror TBA
The deformations we are considering can be also readily embedded in the framework of
the mirror Thermodynamic Bethe Ansatz (TBA), which is used to describe the spectrum
of the undeformed superstring at finite size [15–17]. The TBA equations in principle
contain non-trivial chemical potentials, but most of these are zero for the superstring with
periodic boundary conditions18. The effect of our deformations is to modify the boundary
conditions on the string fields. These non-trivial boundary conditions can be viewed as a
line defect running along the world-sheet cylinder of the superstring, and upon a double
Wick rotation this induces a defect operator in the partition function of the mirror theory
[9, 71] as illustrated in figure 1.
Since our boundary conditions are in one to one correspondence with integrable twists,
this defect operator commutes with the mirror S-matrix and simply leads to the appearance
of chemical potentials in the TBA equations19. In other words the only modification
to the mirror TBA equations [15–17] for the AdS5 × S5 superstring is that we add the
eigenvalue of the defect operator on a given particle to its equation. These considerations
have already been applied to the γ-deformed theory in [44], with the notable difference
18The chemical potential for the fermionic particles is ipi, meaning we actually compute Witten’s index
and not quite the free energy for this theory.
19Since the mirror scattering is unaffected this is the only change in the TBA equations.
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Figure 1. A boundary condition in the spatial direction of string theory (σ) becomes a defect
operator in the time direction (τ˜) of the mirror model, here both illustrated by a color discontinuity.
that there the authors approach the problem by means of a twisted S-matrix and a state
independent boundary condition, rather than our twisted transfer matrix with a potentially
state dependent boundary condition. We of course reproduce their TBA equations, just as
the twisted S-matrix gives the same physical results as the twisted transfer matrix [39].
For the generic deformations introduced above we can immediately read off the eigen-
values of the twist element g on the fundamental particles of the asymptotic Bethe ansatz20.
The eigenvalue of g acting on a string complex or bound state is of course simply a sum
of the eigenvalues on its constituents. For the reader’s convenience we have summarized
these eigenvalues21 in table 1; the physical chemical potentials are µ1|w± and µ1|vw± .
These eigenvalues are defined modulo 2pii because they are read off from the eigenvalues
eµχ of the defect operator. The chemical potentials themselves are unambiguously defined
because of their direct link to the quasi-periodic boundary conditions for fundamental
particles in the string theory.
Before moving on to the TBA equations, we should note that the partition function
of the mirror theory with purely imaginary chemical potentials is not well defined. In
20Note that this twist element g should be taken for the charges of the state we wish to describe. In
particular, for γ deformations this means that the twist for the ground state only contains the angular
momentum J , since all other charges vanish. In the twisted S-matrix approach this corresponds to the fact
that the Drinfeld-Reshetikhin twist of the SU(2|2) invariant S-matrix does not contribute to the ground
state energy, leaving the state independent boundary condition which depends on J only.
21The eigenvalue for Q-particles is actually the negative of the chemical potential presented in table 1;
with this definition the chemical potentials enter uniformly in the TBA equations of [15] that will follow
shortly.
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χ µχ
M |w+ 2iMβ
M |vw+ 2iMα
y+ i(α− β)
M |w− 2iMβ˙
M |vw− 2iMα˙
y− i(α˙− β˙)
Q iQ(α+ α˙)
Table 1. Chemical potentials for particles of type χ of the mirror TBA. Note that for TsT
deformations α and β depend on the state under consideration.
fact, the twists α and β should have a small positive imaginary part in order to suppress
large M magnonic contributions to the partition function. With this regularization the
theory is well defined, and we can consider the canonical ground state TBA equations.
The resulting considerations are somewhat subtle, but the upshot is a set of simplified and
hybrid TBA equations together with a set of large u asymptotics for the Y-functions that
are well defined when the regulator is taken away and can hence be taken as proper tools
to study the spectral problem.
5.1 The TBA equations
The canonical ground state TBA equations with non-zero chemical potentials are given by
log Y
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(a)
M |w + log
(
1 +
1
Y
(a)
N |w
)
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where the µχ are given in table 1 keeping in mind the implicit regulator. For a complete
list of the kernels and a derivation of these equations without chemical potentials we refer
the reader to [15]. The ground state energy is given by
E = − 1
2pi
∫
du
dp˜Q
du
log(1 + YQ) . (5.5)
– 22 –
As we will see below, it is useful to transform the canonical TBA equations to an
alternate form. In particular the equations for w and vw strings can be simplified22 by
application of the kernel (K + 1)−1[15, 72]. The chemical potentials are in the kernel of
this operator, and hence the simplified equations do not depend explicitly on them. These
simplified equations are given by
log Y
(a)
M |w = IMN log(1 + Y
(a)
N |w) ? s+ δM1 log
1− 1
Y
(a)
−
1− 1
Y
(a)
+
?ˆs , (5.6)
log Y
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M |vw = − log(1 + YM+1) ? s+ IMN log(1 + Y
(a)
N |vw) ? s+ δM1 log
1− Y (a)−
1− Y (a)+
?ˆs . (5.7)
These equations together with the canonical TBA equations allow us to find the asymptotic
behavior of the YM |w and YM |vw functions as we will show shortly. Then, with this asymp-
totic behavior and the simplified equations, we can eliminate the infinite sums over w and
vw strings from the equations for y and Q particles to bring them to their hybrid form [18].
The only modification in the derivation of the hybrid TBA equations is in the presence of
chemical potentials and we discuss the resulting contribution in A.3. The upshot is the
following set of equations
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, (5.12)
22The equation for Q particles can be simplified as well, but the hybrid form we present below is more
suitable for various computations.
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From these equations and the large u asymptotics for the Y-functions for w and vw strings
we can directly read off the large u asymptotics of all Y-functions23. We see that the
chemical potentials have disappeared from this form of the TBA equations, meaning they
are unchanged from the original model as already argued in [43]. Consequently also the
Y -system is unchanged for these deformations. This also follows from the fact that the
chemical potentials satisfy the conditions to obtain an undeformed Y -system [70], formu-
lated in [73, 74]. We would like to emphasize again that while the chemical potentials
disappear from the simplified TBA and Y -system equations, the Y-functions must satisfy
the canonical TBA equations, which translates to a set of large u asymptotics on them.
5.2 The ground state solution
The first concrete state we need to consider in a generically deformed theory is the ground
state. The Y-functions for this state will give us the concrete large u asymptotics of the Y-
functions for any excited state with the same chemical potentials. We start by considering
the TBA equations in the asymptotic limit. In this limit the YQ functions are exponentially
small, and from the canonical TBA equations it follows that Y+ = Y− since their chemical
potentials are equal. Then then simplified TBA equations for w and vw strings (5.6,5.7),
become simple recursion relations for constant Y-functions
Y ◦M+1|w =
Y ◦2M |w
1 + Y ◦M−1|w
− 1 , (5.13)
with an identical equation for vw strings, and we note that Y ◦0|(v)w is zero by definition.
By this recursion relation all Y ◦M |w are uniquely fixed in terms of the value of Y
◦
1|w. The
constant solution of this equation which also satisfies the canonical TBA equations with
zero chemical potentials is given by [52]
Y ◦M |w = M(M + 2) , (5.14)
which satisfies the recursion relation for the simple reason that M2 = (M + 1)(M − 1) + 1.
A clear generalization of this solution is
Y ◦+M |w = [M ]q[M + 2]q , (5.15)
where we have introduced q-numbers [n]q as
[n]q =
qn − q−n
q − q−1 , (5.16)
since q-numbers retain the property [M ]2q = [M +1]q[M −1]q +1 for any q ∈ C. By picking
q appropriately, we can obtain any desired constant value for Y ◦1|w, and hence this is the
general constant solution of the simplified TBA equations. What remains is to determine
the value of q such that these Y-functions also satisfy their canonical TBA equations. We
23They can of course also be derived from the canonical equations.
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do this in A.3, and by substituting the result in the hybrid equations (5.10,5.11,5.12) we
find the following asymptotic auxiliary Y-functions
Y ◦+M |w = [M ]qβ [M + 2]qβ , Y
◦−
M |w = [M ]qβ˙ [M + 2]qβ˙ , (5.17)
Y ◦+M |vw = [M ]qα [M + 2]qα , Y
◦−
M |vw = [M ]qα˙ [M + 2]qα˙ , (5.18)
Y ◦+± = [2]qα/[2]qβ , Y
◦−
± = [2]qα˙/[2]qβ˙ , (5.19)
while the main Y-functions are
Y ◦Q = ([2]qα − [2]qβ )([2]qα˙ − [2]qβ˙ )[Q]qα [Q]qα˙e−J E˜Q(p˜) , (5.20)
where the q have become phases denoted qθ ≡ eiθ. This asymptotic solution is a general-
ization of the asymptotic solution presented in [43, 44] for deformations of the sphere. Of
course, this asymptotic solution also follows directly from the twisted transfer matrix. For
example, the asymptotic YQ-function is directly given by
Y ◦Q = χ(pi(G))χ(pi(G˙))e
−J E˜Q , (5.21)
where χ(pi(G)) = tr(pi(G)) is the character of the twist element G in the Q-particle bound
state representation in the transfer matrix (3.12); the twisted transfer matrix for zero
particles. Naturally this agrees with (5.20). Just as for the chemical potential, here we
should keep in mind that the charges entering the twisted transfer matrix should be those
of the ground state.
5.3 Large u asymptotics and excited states
In the large u limit, the convolutions on the right hand side of the canonical TBA equations
become insensitive to fluctuations of the Y-functions around the origin, and only their
constant ‘background’ values play a role. It follows that for any state with a given set of
chemical potentials, these constant values should be given by the asymptotic ground state
solution. In other words
lim
u→±∞Yχ(u) = Y
◦
χ , (5.22)
where Y ◦χ denotes the asymptotic ground state values of the Y-function of type χ, as
given in equations (5.17-5.20). Note that while the regulator plays an essential role in
the canonical TBA equations, the regulator can be taken away by describing the spectral
problem through the simplified TBA equations and the asymptotics (5.22).
Coming to excited states, as we saw above the twisted transfer matrix can be used to
construct the asymptotic Y-functions for the ground state. The same is true for excited
states and allows us to apply the contour deformation trick [18, 51] to obtain excited state
TBA equations from the ground state equations. The differences in analytic structure that
distinguish the different excited states, i.e. the number and location of poles and zeroes of
the Y-functions, can be determined from the asymptotic Y-functions constructed through
the twisted transfer matrix. This idea has already been used to find the excited state TBA
equations for the sl(2) descendant of the Konishi operator upon orbifolding the sphere
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[43]. We would like to point out that for orbifolds the asymptotics (5.22) are the same
for any state in the same model, but this is not the case for theories obtained by TsT
transformations as the chemical potentials depend on the state under consideration.
The simplified ground state TBA equations naturally have real Y-functions as solu-
tions, and indeed the asymptotic solution (5.17-5.20) is real. Reality of the asymptotic
Y-functions for excited states follows by the way the twist parameters enter the twisted
transfer matrix (3.28); the terms in the undeformed transfer matrix that are related by
conjugation are now multiplied by conjugate phases. The exact Y-functions that solve the
excited state TBA equations are therefore also real, since the equations are obtained by
the contour deformation trick with a real asymptotic solution.
6 Wrapping corrections
In this section we discuss leading order wrapping corrections to the ground state energy
for generic deformations. We also compute wrapping corrections to the energy of a few
two particle states an orbifold of AdS5.
6.1 The deformed ground state
With the asymptotic ground state solution solution we can perturbatively solve the TBA
equations and find the energy of the ground state. From the structure of the Y ◦Q functions
we see that their expansion starts at order g2J , known as single wrapping order. Next,
expanding the TBA equations it is easy to see that the first correction to the asymptotic
form of the YQ-functions comes in at order g
4J or double wrapping order. Hence up to
this order the perturbative ground state energy is found by simply expanding (5.5) to the
desired order in g.
Let us first give the leading order wrapping correction
E =
(cosα− cosβ)(cos α˙− cos β˙)
sinα sin α˙
Γ(J − 12)
2
√
piΓ(J)
× (6.1)
×
[
Li2J−1(ei(α+α˙)) + Li2J−1(e−i(α+α˙))− Li2J−1(ei(α−α˙))− Li2J−1(e−i(α−α˙))
]
.
Here and below Lin is the polylogarithm. For α = α˙ = 0 this indeed reduces to the energy
of the orbifold ground state [43]. This formula can actually be extended up to order g4J
which is the double wrapping order. It is instructive to write the asymptotic Y-function
explicitly as function of the mirror momentum p˜:
Y ◦Q(p˜) = χ(G)χ(G˙)
[
2g√
Q2 + p˜2 +
√
4g2 +Q2 + p˜2
]2J
. (6.2)
To order g4J (5.5) simply reduces to
E =
∞∑
Q=1
∫
dp˜ Y ◦Q(p˜). (6.3)
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Evaluating the integral perturbatively in g we find
E = −
∞∑
m=1
J(−1)m(2g)2(J+m)
4
Γ(J +m− 32)Γ(J +m− 12)
Γ(m)Γ(2J +m)
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Q=1
χ(G)χ(G˙)
Q2(J+m)−3
. (6.4)
The sum over Q yields a term similar to (6.1)
∞∑
Q=1
χ(G)χ(G˙)
Qx
=
(cosα− cosβ)(cos α˙− cos β˙)
sinα sin α˙
× (6.5)
×
[
Lix(e
i(α+α˙)) + Lix(e
−i(α+α˙))− Lix(ei(α−α˙))− Lix(e−i(α−α˙))
]
.
In the limit of undeformed anti-de Sitter space, (6.4) reduces to the single wrapping cor-
rection in equation (5.5) of [44]. Going beyond this order requires a significant amount
of computation due to the non-trivial corrections to the Y-functions. Nonetheless, the
full double wrapping Lu¨scher-type correction for the γ-deformed ground state energy was
recently compared to the corresponding TBA contribution, and shown to be in full agree-
ment [44]. The relevant computations generalize partially to more generic deformations;
their results also apply to orbifolds of the sphere. Moreover, in [44] the lowest order double
wrapping correction to the length three ground state was explicitly found to be
E0(3) =− (2− [2]qβ )(2− [2]qβ˙ )
(
3
16
ζ3g
6 − 15
16
ζ5g
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945
256
ζ7g
10 − 3465
256
ζ9g
12 + . . .
)
− (2− [2]qβ )(2− [2]qβ˙ )
(
[2]qβ + [2]qβ˙ − 4)
) 15
256
ζ3ζ5g
12 + . . .
+ (2− [2]qβ )2(2− [2]qβ˙ )2
(
− 9
256
ζ23 +
189
4096
ζ7
)
g12 + . . . . (6.6)
where we have trivially generalized their result to orbifolds of the sphere in addition to
γ-deformations, parametrizing the deformation by β and β˙. To generalize this result to
deformations of the anti-de Sitter space would likely require considerable computational
effort, as already the single wrapping correction (6.1) is significantly more involved24. So
far we have focussed on completely generic deformations, however in special cases there
are certain interesting observations to be made.
6.2 Observations on the ground state solution
Here we would like to make a few comments based on the asymptotic ground state solution
(5.17-5.20) and the corresponding energy corrections (6.1). Let us start with a small but
relevant point.
24In the final details of their computation, the authors of [44] found a single term through an accurate
numerical computation which was then expressed in a transcendental basis using the program EZ-face
(documented in [75]). Given the form of the single wrapping correction for more generic deformations we
would likely encounter numbers not even expressible in terms of multiple zeta values, in fact this ‘number’
would be a function of α and α˙.
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Regularizing the ground state energy
In [52] the authors discussed the vanishing of the ground state energy of the undeformed
theory at any finite size. However they observed a curious divergence of the ground state
energy at J = 2. This divergence was subsequently also found in the case of orbifolds [43]
and γ-deformations [44].
In order to show vanishing of the ground state energy, we would basically like to show
that the asymptotic solution (here for zero twist) is exact, i.e. that vanishing YQ functions
are a solution of the TBA equations. In order to show this the authors of [52] introduced
a regularization in the form of a small chemical potential, denoted h, which made the YQ
functions O(h2) such that they vanish in the h→ 0 limit. However for J = 2 this limit does
not commute with the infinite sum in the energy formula leading to divergent energy even
though the YQ functions vanish. Since the chemical potential h directly corresponds to a
twist β = β˙ = h, this divergence is indeed reproduced by our energy formula (6.1) which
diverges as α, α˙ → 0 for non-zero β and β˙. However (6.1) does not diverge as α, α˙ → 0
for β = β˙ = 0, meaning that a chemical potential in the AdS sector regularizes the ground
state solution for the undeformed theory, showing that the ground state energy vanishes
without any divergence as it should.
While this provides us with a way to regularizes the ground state energy of the unde-
formed theory, the divergence of the ground state energy at J = 2 for certain orbifolds and
γ-deformed theories remains an open question.
Residual supersymmetry
As we saw above, the asymptotic ground state solution is an exact solution of the TBA
equations when the corresponding YQ functions vanish in some appropriately regularized
sense. In addition to the undeformed superstring, this situation arises when we deform
parts of anti-de Sitter space and the sphere in an identical fashion. By this we mean a
twist where at least two group elements are identical, i.e. α = ±β or α˙ = ±β˙. Indeed, in
this limit the asymptotic Y ◦Q functions (5.20) and correspondingly the ground state energy
(6.1) vanish. In other words, just as for the undeformed ground state, the corresponding
asymptotic solution is an exact solution of the TBA equations. Naturally this is not an
accident but owes to the residual symmetry left in this situation.
In the undeformed theory the ground state is a half-BPS state, meaning it is annihilated
by a set of supercharges
Q1,2γ |0〉 = Q¯3,4γ˙ |0〉 = 0 , γ = 1, 2. (6.7)
Combined with the fact that it is a highest weight state this allows us to derive a relation
between the scaling dimension and other weights of the state from the superconformal
algebra in the usual fashion, in particular by considering the anti-commutator {Q,S} [76]
{Qiγ , Sδj } = 4δji (M δγ − i2D)− 4δδγRij (6.8)
where the M δγ are the generators of the conformal group corresponding to the SU(2) sub-
group with spin s1 and the R
i
j are the generators of SU(4) and D is the dilatation operator.
Indeed, since the left hand side annihilates a highest weight half-BPS state for i = 1, 2 and
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the action of the Rii is expressible via the corresponding weights, we get a relation between
the scaling dimension and the su(4) weights [q1, p, q2]. As a result the state cannot have
an anomalous dimension; its scaling dimension is protected.
In a deformed theory, the ground state can still be considered half-BPS in the sense
that it is annihilated by certain operators, but those operators have lost their meaning and
relation to the scaling dimension since the superconformal algebra is broken. This means
there are generically no protected operators. However, precisely deformations of the type
α = ±β or α˙ = ±β˙ preserve part of the superconformal algebra. In particular some of the
relations (6.8) which protect the scaling dimension of the ground state remain. Concretely
we preserve the relations (6.8) for i = j = 1, 2, γ = δ = 2, 1, if we twist with α = β and
for i = j = γ = δ = 1, 2, if we twist with α = −β. The relations are similar for the Q¯s and
S¯s with dotted twists. As a result the ground state energy is still a protected quantity in
such deformed models.
Protected states without supersymmetry
In addition to the above, there is another class of deformed models with a ground state
energy which does not receive corrections. The most interesting representative of this class
is γ-deformed theory with γ2 = γ3 = 0. This feature arises because the ground state
solution for generic γ-deformed theories is independent of γ1 as immediately follows from
our twisted transfer matrix since the ground state has only charge J = J1. This matches
with the results of [44] since in the twisted S-matrix approach the ground state energy is
independent of the Drinfeld-Reshetikhin twist, which in this case carries all dependence
on γ1. Since the YQ functions and ground state energy vanish in the limit γ2,3 → 0, we
have an exact solution of the TBA equations with zero energy. However, except for the
cases {γ1, γ2, γ3} = {γ,±γ,±γ} (with all possible choices of signs) γ-deformations break all
supersymmetry. Therefore we have no immediate explanation for the apparent ‘protection’
of the ground state energy, and it would be interesting to understand how this arises from
the point of view of the deformed theory25. Other models of this type would be generic
TsT transformed backgrounds, with the parameters that couple to J put to zero.
6.3 Two particle states and AdS orbifolds
As we have seen above, deformations of anti-de Sitter space can be useful, but also seem
to rather directly increase the technical complexity of the resulting computations. As an
example of this, wrapping corrections become quite involved for generic SU(2) × SU(2)
orbifolds of AdS5, while for the sphere they can be readily computed for reasonable states
[37, 43]. Here we would like to briefly illustrate the different features wrapping corrections
for orbifolds of AdS5 have and how quickly the expressions become rather unpleasant.
Since we do not want to deform the sphere or orbifold in time-like directions we have
γ = 0, i.e. the level-matching condition is unchanged and physical states are still required
to have vanishing total momentum. In the sl(2) sector we see from the main Bethe equations
25By mapping it to the undeformed theory which has periodic boundary conditions for the ground state,
this result is of course immediate.
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J α = pi α = pi/2 α = pi/4
2 −19 6−7ζ(3)32 (3−2
√
2)(48K+18 ln 2−15−35ζ(3))
16
3 −1+6ζ(3)18 1−4 ln 216
(3−2√2)(2048K+512 ln 2−256−288ζ(3)+1581ζ(5)−2ψ(3)( 1
4
)+2ψ(3)( 3
4
)
4096
Table 2. The values of ELO/g
2J for J = 2, 3 for our Z4 orbifold of AdS5. K is the Catalan number.
that this is compatible with level-matching only if α = −α˙. We restrict to this choice and
set
α = −α˙ = 2pi r
R
, r,R ∈ N. (6.9)
The first interesting state to consider is of course the ground state. Its energy is non-zero
due to wrapping effects and is readily obtained by plugging in the explicit twist into (6.1).
One particle states in this sector have the same energy as the ground state as a consequence
of level matching.
Next we arrive at two-particle states. Due to our choice of twists, the Bethe equations
coincide with the undeformed ones which to lowest order in g are solved by the usual
rapidities
u1 = −u2 = cot npi
J + 1
, (6.10)
where n runs up to bJ2 c. The general transfer matrix for these states is rather involved,
although it is obtained in a straightforward fashion, and we will not present it explicitly.
We computed the resulting wrapping corrections for the first few values of J for a Z4
orbifold and have presented them for J = 2, 3 in table 6.3. We find that the complexity
of the finite size corrections increase rather rapidly when taking more general values of α
and we were not able to derive a closed expression for generic α, which is readily possible
for the analogous deformation involving β. We also considered simultaneously orbifolding
the sphere such that we partially restore supersymmetry, and as expected the wrapping
corrections show up at a higher order. Unfortunately the resulting expressions are rather
unsightly and we choose not to present them here. It would be interesting to extend this
discussion to generic twist two and three operators, along the lines of [41, 43, 77] where
this was considered for deformations of the sphere.
7 Conclusion
In this paper we have presented a unified treatment of the finite size integrability of strings
on orbifolds and TsT transformed versions of AdS5 × S5. Firstly, through the twisted
transfer matrix (3.28) we provide the necessary ingredients for the computation of wrap-
ping corrections for arbitrary operators in the dual deformed gauge theories. Moreover,
with the twisted asymptotic solution the TBA equations provide a means to compute the
spectrum at truly finite size in these theories, along the lines of e.g. [78, 79]. In this paper
we illustrated our discussion by a computation of the leading order wrapping correction
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to the ground state energy for generic deformations and to the energy of certain two par-
ticle states in the sl(2) for a Z4 orbifold of AdS5. Two open interesting questions that
explicitly arise have to do with the apparent protection of the ground state in certain non-
supersymmetric theories and the divergence of this energy at length two for deformations
of the sphere. We have also shown how deformations of AdS5 can provide a useful extra
parameter in the AdS/CFT spectral problem, for example by regularizing the ground state
energy. Furthermore, as we indicated in the main text, there is a mismatch with a few
results in the literature which should be understood. Of course it would also be very inter-
esting to see a more proper investigation of the AdS/CFT duals for deformations of AdS5
since the integrability properties from the string theory point of view, though technically
more involved, still seem to be rather nice.
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A Appendices
A.1 Twisted XXX spin chain
Let us quickly review the eigenvalues of the twisted transfer matrix for the Heisenberg spin
chain with R-matrix
r12(u1, u2) =

1 0 0 0
0 b(u1, u2) a(u1, u2) 0
0 a(u1, u2) b(u1, u2) 0
0 0 0 1
 , a = Uu1 − u2 + U , b = u1 − u2u1 − u2 + U . (A.1)
It is convenient to write it as
r12(u1, u2) = r
γδ
αβ(u1, u2)E
α
γ ⊗ Eβδ =
u1 − u2
u1 − u2 + U
[
Eαα ⊗ Eββ +
U
u1 − u2E
α
β ⊗ Eβα
]
,
with Eαβ the standard matrix unities. This R-matrix is readily seen to have a SU(2)
symmetry. Let us restrict to a twist of diagonal type. Writing the monodromy matrix as
T =
K∏
i=1
r0i(u0, ui) =
(
A(u0) B(u0)
C(u0) D(u0)
)
, (A.2)
then the twisted transfer matrix is of the form
T = eiγA(u0) + e
−iγD(u0). (A.3)
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We consider K particles with rapidities ui. The ground state, in this case, is defined as
|0〉 =
K⊗
i=1
(
1
0
)
. (A.4)
It is easy to check that it is an eigenstate of the twisted transfer matrix. To be a bit more
precise, the action of the different elements of the monodromy matrix on |0〉 is given by
A|0〉 = |0〉, C|0〉 = 0, D|0〉 =
K∏
i=1
b(u0, ui)|0〉.
Thus, |0〉 is an eigenstate of the transfer matrix with the following eigenvalue
eiγ + e−iγ
K∏
i=1
b(u0, ui). (A.5)
The operator B can be considered as a creation operator. It will create all the other
eigenstates out of the vacuum. We introduce additional parameters wi and consider the
state
|M〉 := φM (w1, . . . , wM )|0〉, φM (w1, . . . , wM ) :=
M∏
i=1
B(wi|~u). (A.6)
The vacuum corresponds to all spins down and the state |M〉 corresponds to the eigenstate
of the transfer matrix that has M spins turned up.
In order to evaluate the action of the twisted transfer matrix on the state |M〉, we
need the commutation relations between the fields A,B,D. From (3.6) we read off that
A(u0)B(w) =
1
b(w, u0)
B(w)A(u0)− a(w, u0)
b(w, u0)
B(u0)A(w),
B(w1)B(w2) = B(w2)B(w1), (A.7)
D(u0)B(w) =
1
b(u0, w)
B(w)D(u0)− a(u0, w)
b(u0, w)
B(u0)D(w).
From this we can determine exactly when |M〉 is an eigenstate of the transfer matrix. By
definition we have that
|M〉 = B(wM )|M − 1〉, (A.8)
and this allows us to use induction. By using the identity
1
b(wM , u0)
a(wi, u0)
b(wi, u0)
− a(wM , u0)
b(wMu0)
a(wi, wM )
b(wi, wM )
=
a(wi, u0)
b(wi, u0)
1
b(wM , wi)
(A.9)
in (A.8) we can prove
A(u0)φM (w1, . . . , wM ) =
M∏
i=1
1
b(wi, u0)
φM (w1, . . . , wM )A(u0) (A.10)
−
M∑
i=1
a(wi, u0)
b(wi, u0)
M∏
j=1,j 6=i
1
b(wj , wi)
φˆMA(wi)
 ,
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where φˆM stands for φM (. . . , wi−1, u0, wi+1, . . .). There is a similar relation for the com-
mutator between D and B. By using these relations we find that
T |M〉 = φM (w1, . . . , wM )
{
eiγA(u0)
M∏
i=1
1
b(wi, u0)
+ e−iγD(u0)
M∏
i=1
1
b(u0, wi)
}
|0〉
−
M∑
i=1
a(wi, u0)
b(wi, u0)
φˆM
eiγ∏
j 6=i
1
b(wj , wi)
A(wi)− e−iγ
∏
j 6=i
1
b(wi, wj)
D(wi)

 |0〉.
From this we find that |M〉 is an eigenstate of the transfer matrix with eigenvalue
Λ(6v)(u0|~u) = eiγ
M∏
i=1
1
b(wi, u0)
+ e−iγ
M∏
i=1
1
b(u0, wi)
K∏
i=1
b(u0, ui) (A.11)
provided that the auxiliary parameters wi satisfy the following equations
e2iγ
K∏
i=1
b(wj , ui) =
M∏
i=1,i 6=j
b(wj , wi)
b(wi, wj)
. (A.12)
This now completely determines the spectrum of the 6-vertex model.
A.2 Twisted generating functional
As an alternative to our method above, the undeformed transfer matrix can be computed
by using a so-called generating functional [65, 66]. Also, it appears that this method can
be extended to twisted transfer matrices. In [40] the twist describing β-deformed theory
was implemented on the level of the generating functional for the transfer matrix. They
introduced parameters τi in the functional W
W =
1
1− τ1DB
−[−]Q[+]1
B+[−]Q[−]1
D
[
1− τ2DQ
[+]
1 Q
[−2]
2
Q
[−]
1 Q2
D
][
1− τ3DQ
[+2]
2 Q
[−]
3
Q2Q
[+]
3
D
]
1
1− τ4DR
+[+]Q
[−]
3
R−[+]Q[+]3
D
,
(A.13)
which generates the different transfer matrices by expanding in the shift operator D =
e
− i
g
∂u according to
W =
∑
a
DaTa,1D
a, W−1 =
∑
s
DsT1,sD
s. (A.14)
The various functions in W are defined as
R± =
K4∏
n=1
x(v)− x∓n√
x∓n
, B± =
K4∏
n=1
1
x(v) − x∓n√
x∓n
, Qj =
Kj∏
n=1
v − un,j , (A.15)
and we use the notation f [+a](u) = f(u+ ia/g) (i.e. Df [a] = f [a−1]D). The parameters x±n
correspond to the physical Bethe roots and the function x(v) is related to the parameters
of a mirror particle
x(v +
ai
g
) +
1
x(v + aig )
− x(v − ai
g
) +
1
x(v − aig )
=
ai
g
. (A.16)
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Note also that our expression for W is written in terms of the psu(2, 2|4) roots Ki.
The drawback of this approach is that the meaning of the twist parameters in this
setting are not clear and need to be fixed a posteriori by knowledge of the twisted Bethe
equations26. The authors of [40] argued that requiring the Y-functions constructed from
these transfer matrices to be real yields that τ2 and τ3 as well as τ1 and τ4 form complex
conjugate pairs. We will see that this is indeed the case.
Let us now compare the transfer matrix obtained by the above described fusion pro-
cedure with our explicit derived transfer matrix (3.28). First we consider the case T1,1.
Working out the expansion of W to this order is not too complicated and gives
T1,1 =
R+[+]
R−[+]
Q
[−]
3
Q
[+]
3
[
τ4 + τ1
Q
[+]
13
Q
[−]
13
R−[+]B−[−]
R+[+]B+[−]
− R
−[+]
R+[+]
(
τ2
Q
[−2]
2
Q2
Q
[+]
13
Q
[−]
13
+ τ3
Q
[+2]
2
Q2
)]
, (A.17)
where Q13 = Q1Q3. If we take into account the identification between the roots discussed
in section 3.3, we see that this exactly agrees with (3.28) up to overall normalization if we
set
τ∗1 = τ4 = e
iα, τ∗2 = τ3 = e
iβ. (A.18)
For the generic Ta,1 the comparison becomes more involved. However, thanks to the pres-
ence of the twist parameters it is easy to compare terms. For instance the term proportional
to ei(s−2k−1)αe−iβ is given by[
D
B−[−]Q[+]1
B−[+]Q[−]1
D
]k [
D
Q
[+]
1 Q
[−2]
2
Q
[−]
1 Q2
D
][
D
R+[+]Q
[−]
3
R−[+]Q[+]3
D
]s−k−1
. (A.19)
We can then easily compare this against the relevant term from (3.28) after choosing the
appropriate overall normalization. Doing this we find perfect agreement after we take into
account the relation between λ± and the shifted parameters as given in [64]. This proves
that he transfer matrix can be equivalently computed by using the generating functional
approach.
A.3 Canonical and Hybrid TBA equations
In this appendix we show how the ground state solution is fixed by the canonical TBA
equations and how the chemical potentials naturally disappear from the hybrid form of the
TBA equations for Y+Y− and YQ. We will discuss the canonical equations for w strings;
for vw strings the story is identical.
Canonical equations
For constant solutions, the ground state canonical TBA equations for w strings in expo-
nential form are given by
Y ◦M |w = e
−µM|w
(
M−1∏
N=1
(1 +
1
Y ◦N |w
)2N
)
(1 +
1
Y ◦M |w
)2M−1
( ∞∏
N=M+1
(1 +
1
Y ◦N |w
)2M
)
. (A.20)
26This is quite the contradistinction to the usual relation between a transfer matrix and the corresponding
Bethe equations.
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Next we write q = ez and write the asymptotic solution (5.17) as
Y ◦M |w =
sinhMz sinh (M + 2)z
sinh2 z
. (A.21)
Now we can readily evaluate the following partial sums
M−1∏
N=1
(1 +
1
Y ◦N |w
)2N =
sinh2M Mz
sinh2 z sinh2M−2 (M + 1)z
, (A.22)
k∏
N=1
(1 +
1
Y ◦N |w
) =
sinh 2z
sinh z
sinh (k + 1)z
sinh (k + 2)z
. (A.23)
Taking the limit k →∞ on the second sum for Re(z) < 0 gives
∞∏
N=1
(1 +
1
Y ◦N |w
)2M = 4M cosh2M z e2Mz , (A.24)
and now putting everything together we get
Y ◦M |w = e
−µM|w sinh
2M Mz
sinh2 z sinh2M−2 (M + 1)z
(
sinh2 (M + 1)z
sinhMz sinh (M + 2)z
)2M−1
sinh2M z
sinh2M 2z
sinh2M (M + 2)z
sinh2M (M + 1)z
4M cosh2M ze2Mz
= 4M cosh2M z sinh2M−2 z sinh−2M 2z sinhMz sinh (M + 2)z e2Mz−µM|w
= Y ◦M |w e
2Mz−µM|w , (A.25)
showing that since µM |w = 2iM(α + i) we should take z = i(α + i). For vw strings
an identical computation gives z = i(β + i), and so we obtain the asymptotic solution
(5.17-5.20).
Hybrid equations
In order to derive the Hybrid equations, following [80] we extend the considerations of [18]
to the case of non-zero chemical potentials, and indicate the extra terms appearing in the
derivation. To derive the hybrid equations we need to compute infinite sums of the form
log
(
1 +
1
YM |(v)w
)
?KM , (A.26)
where for our applications KM is some kernel which satisfies the schematic identity
(K + 1)−1MN ?KN ≡ KM − IMNs ?KN = δKM . (A.27)
We start by rewriting the simplified equations for w strings
log YM |w = IMN log(1 + YN |w) ? s+ δM1 log
1− 1Y−
1− 1Y+
?ˆs , (A.28)
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in the form
log YM |w − IMN log(YN |w) ? s = IMN log
(
1 +
1
YN |w
)
? s+ δM1 log
1− 1Y−
1− 1Y+
?ˆs , (A.29)
= log Y rM |w − IMN log(Y rN |w) ? s , (A.30)
where we have introduced regularized Y-functions Y rM |w = YM |we
µM|w which asymptote to
one at large M cf. (5.17) given our regulator, without changing the equality. The reason for
introducing these regularized Y-functions is that we would like to convolute this equation
with KM and sum over M . For the deformed Y-functions the left hand side of the resulting
equation would be the sum of two divergent terms whose sum is regular; the regularized
Y-functions simply make this manifest. Using the identity (A.27) we obtain
log Y rQ|w ?δKQ = log
(
1 +
1
YM |w
)
?KM − log
(
1 +
1
YQ|w
)
?δKQ+ log
1− 1Y−
1− 1Y+
?ˆs ?K1 . (A.31)
Combining the terms appropriately we get
log
(
1 +
1
YM |w
)
?KM = log(1 + YQ|w) ? δKQ − log
1− 1Y−
1− 1Y+
?ˆs ?K1 + µQ|w ? δKQ . (A.32)
So we see that the only modification to the identity for the infinite sum over YM |w functions
is the addition of the term µQ|w ? δKQ to the log(1 + YQ|w) ? δKQ contribution. Similarly
for vw strings we have to add the term µQ|vw ? δKQ to the log(1 + Y1|vw) ? δKQ term.
All that now remains is to identify the kernels δK relevant in the derivation of the
hybrid equation for Y+Y− and the one for YQ, and add the corresponding terms along with
the chemical potentials originally in the equation to the undeformed hybrid equations. In
the case of Y+Y−, δKQ = δQ,1s cf. the simplified equation (5.11). This means we have
to add 2(µ1|vw − µ1|w) ? s = µ1|vw − µ1|w to the chemical potential −2µy of the (doubled)
y-particles. Now noting that 2µy = µ1|vw − µ1|w as follows from table 1, we see that the
total contribution of the chemical potentials to the hybrid equation for Y+Y− is zero. Next,
for YQ we have δKN = δN,Q−1s+δN,1s?ˆKyQ, meaning we add µQ−1|vw ?s+µ1|vw ?s?ˆKyQ =
1
2(µQ−1|vw + µ1|vw) =
1
2µQ|vw for both the left and right sectors to the chemical potential
−µQ. This gives a total of −µQ + 12(µ+Q|vw + µ−Q|vw) which is indeed zero for the chemical
potentials in table 1.
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